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The calculation of a highly accurate cosmological recombination history has been the object of
particular attention recently, as it constitutes the major theoretical uncertainty when predicting
the angular power spectrum of Cosmic Microwave Background anisotropies. Lyman transitions, in
particular the Lyman-α line, have long been recognized as one of the bottlenecks of recombination,
due to their very low escape probabilities. The Sobolev approximation does not describe radiative
transfer in the vicinity of Lyman lines to a sufficient degree of accuracy, and several corrections
have already been computed in other works. In this paper, the impact of some previously ignored
radiative transfer effects is calculated. First, the effect of Thomson scattering in the vicinity of the
Lyman-α line is evaluated, using a full redistribution kernel incorporated into a radiative transfer
code. The effect of feedback of distortions generated by the optically thick deuterium Lyman-α
line blueward of the hydrogen line is investigated with an analytic approximation. It is shown that
both effects are negligible during cosmological hydrogen recombination. Secondly, the importance of
high-lying, non overlapping Lyman transitions is assessed. It is shown that escape from lines above
Lyγ and frequency diffusion in Lyβ and higher lines can be neglected without loss of accuracy.
Thirdly, a formalism generalizing the Sobolev approximation is developed to account for the overlap
of the high-lying Lyman lines, which is shown to lead to negligible changes to the recombination
history. Finally, the possibility of a cosmological hydrogen recombination maser is investigated. It
is shown that there is no such maser in the purely radiative treatment presented here.

I.

INTRODUCTION

The first measurements of the Cosmic Microwave
Background (CMB) spectrum [1] and temperature
anisotropies [2] changed cosmology from a qualitative to
a robust and predictive science. Since then our picture of
the Universe has become more and more accurate. Observations of high-redshift type Ia supernovae [3, 4] have
made it clear that nearly three fourths of the energy budget of our Universe is a non-clustering “dark energy” fluid
with a negative pressure. In the last decade, the measurements of the temperature and polarization anisotropies in
the CMB by the Wilkinson Microwave Anisotropy Probe
(WMAP) [5] have confirmed this picture and propelled
cosmology into the era of high precision. Combined with
other CMB measurements (e.g. BOOMERANG [6], CBI
[7], ACBAR [8], QUaD [9]) and large-scale structure surveys (2dF [10], SDSS [11]), WMAP results have firmly
established the ΛCDM model as the standard picture of
our Universe.
What has also emerged from this high-precision data is
our ignorance of the large majority of the constituents of
the Universe. Only ∼ 4% of our Universe is in the form of
known matter (most of which is not luminous), the rest
is in the form of an unknown clustering “dark matter”
(∼ 23%) or the even more disconcerting “dark energy”
(∼ 73%). In addition, it is now widely believed that
the Universe underwent an inflationary phase early on
that sourced the nearly scale-invariant primordial density
perturbations, which led to the large-scale structure we
observe today. Inflation requires non-standard physics,
and at present there is no consensus on the mechanism
that made the Universe inflate, and only few constraints

on the numerous inflationary models are available from
observations.
The Planck satellite, launched in May 2009, will measure the power spectrum of temperature anisotropies in
the CMB, C`TT , with a sub-percent accuracy, up to multipole moments ` ∼ 2500 [12]. It will also measure
the power spectrum of E-mode polarization anisotropies
up to ` ∼ 1500. With this unprecedented ultra-highprecision data, cosmologists will be in a position to infer cosmological parameters accurate to the sub-percent
level. The high resolution of Planck observations will
provide a lever arm to precisely measure the spectral index of scalar density perturbations nS and their running
αS , therefore usefully constraining models of inflation.
The polarization data will help break degeneracies of cosmological parameters with the optical depth to the surface of last scattering τ , giving us a better handle on
the epoch of reionization. This wealth of upcoming highprecision data from Planck, as well as that from ongoing experiments (ACT [13], SPT [14]) or possible future
space-based polarization missions (CMBPol [15]), can be
fully exploited only if our theoretical predictions of CMB
anisotropies are at least as accurate as the data.
The physics of CMB anisotropy generation is now well
understood, and public Boltzmann codes are available
(CMBFast [16], CAMB [17], CMBEasy [18]), which
evolve the linear equations of matter and radiation perturbations and output highly accurate CMB temperature
and polarization angular power spectra, for a given ionization history [19]. The dominant source of systematic
uncertainty in the predicted C` s is the recombination history [20]. Not only the peak and width of the visibility
function are important, but the precise shape of its tails
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is also critical at the sub-percent level of accuracy, in
particular for the Silk damping tail [21] of the anisotropy
power spectrum. This has motivated Seager et al. [22, 23]
to revise the seminal work of Peebles [24] and Zeldovich
et al. [25] and extend their three-level atom model to
a multi-level atom (MLA) calculation. Their recombination code, RecFast, is accurate to the percent level, and
is a part of the Boltzmann codes routinely used for current day CMB data analysis. While sufficiently accurate
for WMAP data, RecFast does not satisfy the level of
accuracy required by Planck [26, 27].
In the last few years, significant work has been devoted to further understanding the rich physics of cosmological recombination. Helium recombination is now
understood to a sufficient level of accuracy for Planck
[28–35]. Cosmological hydrogen recombination demands
a much higher level of accuracy than helium [36], and its
precise description is still the subject of ongoing efforts.
Previous work on hydrogen recombination can be cast
into two categories.
On the one hand, accurate recombination histories
need to account for as large a number as possible of excited states of hydrogen. This is particularly important
at late times, z . 800−900, when the free electron abundance becomes very low and the slow recombinations to
the excited states become the “bottleneck” of the recombination process. In these conditions, it is important to
precisely account for all possible recombination pathways
by including a large number of excited states in MLA calculations. Since the recombination rates strongly depend
on the angular momentum quantum number l, an accurate code must resolve the angular momentum substates
[37, 38] and lift the statistical equilibrium assumption
previously made. The standard MLA approach requires
solving for the population of all the excited states accounted for, which is computationally expensive and has
limited recent high-n computations [39, 40] to only a few
points in parameter space. Recently, a new effective MLA
(EMLA) method has been introduced [41], which makes
it possible to account for a very large number of excited
states, while preserving the computational efficiency of a
simple few-level atom. The EMLA approach consists in
factoring the effect of the “interior” excited states (states
which are not connected to the ground state) into effective recombination and photoionization coefficients and
bound bound transition rates for the small number of “interface” states radiatively connected to the ground state,
i.e. 2s, 2p and the low-lying p states.
The second category of studies has concentrated on
the transitions from the “interface” states to the ground
state, of particular importance at early times when the
overall recombination rate is controlled by the so called
“n=2 bottleneck”. Hydrogen atoms in the n=2 shell can
reach the ground state either through emissions of single photons from the 2p state, which slowly escape the
optically thick Lyman-α transition through cosmological
redshifting, or from the 2s state, through forbidden twophoton decays. Previous studies have examined a series

of effects that may affect these transition rates, including
but not limited to stimulated 2s → 1s two-photon decays
and non-thermal 1s → 2s two-photon absorptions [42–
44], feedback between neighboring lines of the optically
thick Lyman series [45, 46], time-dependent effects in the
Lyman-α line [44, 47], two-photon decays from higher excited states [44, 48–50] and diffusion in the Lyman-α line
[51–53].
The purpose of this work is mainly to assess the importance of a few radiative transfer effects in the Lyman
lines, that have not been investigated yet, or not in sufficient detail. In Section II, we review the theory of radiative transfer in the vicinity of a resonant line in an expanding Universe. We then turn to the Lyman-α line, for
which we study the effect of Thomson scattering (Section
III A) and the interaction with the Lyα line of deuterium
(Section III B). In Section IV, we quantify the importance of the high-lying, non-overlapping Lyman transitions. Section V is devoted to the overlapping high-lying
Lyman lines. We also explore the possibility of a cosmological recombination maser in Section VI. We summarize
and discuss our results in Section VII. In this paper we
will not repeat the standard MLA nor the EMLA formalism, and refer the reader to Refs. [22, 39, 44] and [41],
respectively, for a detailed description.
II.

RADIATIVE TRANSFER IN THE LYMAN
LINES
A.

Basic notation

In this section, we present the basic quantities and
notation used throughout this paper. We summarize our
notation in Table I.
The photon occupation number at frequency ν is denoted fν . In the case of a black body spectrum with
−1
temperature T , fν = ehν/kT − 1
. We will also make
use of the number of photons per hydrogen atom per unit
frequency,
Nν ≡

8πν 2
fν ,
c 3 NH

(1)

where NH is the number density of hydrogen atoms. The
population of a species X relative to the total abundance
of hydrogen is denoted xX ≡ NX /NH . The fractional
abundance of hydrogen in the state [n, l] is denoted xnl .
For the low l states, we use the spectroscopic notation
s, p, d, ..., so the ground state is denoted 1s and the [n, l =
1] states are denoted np.
This work will be concerned primarily with the np →
1s transitions, which will be referred to as the Lymann (or Ly-n) transitions. The Ly-2 transition therefore
designates, in that convention, the Lyman-α (Lyα) transition. We denote the resonant Ly-n transition frequency




4
1
1
νn ≡
1 − 2 νLyα = 1 − 2 νc ,
(2)
3
n
n
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TABLE I. Notation used in this paper. Units of “1” means the quantity is dimensionless.
Symbol
Anp,1s
an
fν
n
feq
n
f(em)
H
NH
NX
Nν

Units
s−1
1
1
1
1
s−1
cm−3
cm−3
Hz−1

Description
Einstein A-coefficient for the spontaneous decay np → 1s
dimensionless Voigt parameter for the Ly-n transition
photon occupation number at frequency ν
equilibrium value of fν near Ly-n
equilibrium value of fν near Ly-n, with true absorption and emision only
Hubble expansion rate
total number density of hydrogen nuclei
number density of species X
number of photons per hydrogen atom per unit frequency

Equation
Eq. (3)
an = Γnp /(4πνn ∆H )

pn
sc
pn
ab

1
1

fraction of photon absorptions in Ly-n resulting in a scattering
fraction of true photon absorptions in Ly-n
radiative transition rate n0 l → np per hydrogen atom in the [n0 , l] state
resonant scattering redistribution kernel in Ly-n
Thomson scattering kernel
dimensionless Thomson scattering kernel
width over which resonant scattering is effective in Ly-n
width over which resonant scattering is effective in Lyα
dimensionless width over which resonant scattering is effective in Lyα
matter and radiation temperatures
width over which the Ly-n wings are optically thick for true absorption
width over which the Lyα wings are optically thick for true absorption
dimensionless width over which Lyα is optically thick for true absorption
abundance of deuterium relative to total hydrogen nuclei
fraction of hydrogen in the state [n, l]
abundance of free electrons relative to total hydrogen nuclei
detuning from line center (when considering a single line),
or from νc (when considering line overlap), in Doppler units
detuning between Ly-n and Ly-continuum frequencies in Doppler widths
same as x OR detuning from the Lyα frequency in units of kTr /h
detuning of the H and D Lyα frequencies in units of kTr /h
width (or inverse lifetime) of the np state
dimensionless Doppler width for a scattering species of mass mX
rms frequency shift during an electron scattering event near Lyα
relative amplitude of the distortion due to deuterium at D Lyα
differential optical depth for Thomson scattering near Lyman-α
Lyman-α resonant frequency (in hydrogen or deuterium specifically)
Lyman-limit frequency
Lyman-n resonant frequency
Thomson cross section
photoionization cross section from the ground state, at threshold
Sobolev optical depth in the Lyman-n resonance line
Sobolev optical depth in the Lyman-α line
Lyman continuum optical depth per Doppler width near threshold
line profile for the Ly-n transition
dimensionless Voigt profile, with Voigt parameter a
dimensionless Doppler profile centered at the Ly-n frequency
non-normalized dimensionless profile for continnum absorption near threshold
dimensionless photon occupation number near Lyα whith hydrogen only
dimensionless photon occupation number near Lyα whith deuterium
dimensionless equilibrium photon occupation number near D Lyα
rescaled difference in photon occupation numbers with or without deuterium

pn
sc = Anp,1s /Γnp
n
pn
ab = 1 − psc

Rn0 l→np
s−1
0
Rn (ν, ν ) Hz−2
RT (ν → ν 0 ) Hz−1
R(δ)
1
Sn
Hz
S
Hz
S
1
Tm , Tr
K
Wn
Hz
W
Hz
W
1
xD
1
xnl
1
xe
1
x
1
xn
y
yD
Γnp
∆X
∆νe
∆ΨD
ηe
νLyα (νH , νD )
νc
νn
σT
σ0
τn
τLyα
τc
ϕn (ν)
φV (x; a)
φn (x)
φc (x)
Ψ(H) (y)
Ψ(H+D) (y)
ΨD
ψ(y)

1
1
1
s−1
1
Hz
1
Hz−1
Hz
Hz
Hz
cm2
cm2
1
1
1
Hz−1
1
1
1
1
1
1
1

n
feq
= xnp /(3x1s )
Eq. (15)

Nν =

8πν 2
f
c 3 NH ν

Eq.(28)
Eq. (51)
Eq. (56)
Eq. (36)
S = S2
S = (hS/(kTr ))3
Eq. (35)
W = W2
W = hW/(kTr )
xD = ND /NH
xnl = NH(n,l) /NH
xe = Ne /NH
x = (ν − νn )/(νn ∆H )
x = (ν − νc )/(νc ∆H )
xn = (νn − νc )/(νc ∆H )
y = h(ν − νLyα )/(kTr )
yD = h(νD − νH )/(kTr )
p
∆X = 2kTm /(mX c2 )
∆νe = νLyα ∆e
Eq. (74)
Eq. (50)
νc = 43 νLyα
νn = (1 − n−2 )νc
Eq. (99)
Eq. (6)
τLyα = τ2
Eq. (111)
Eq. (10)
2
φn (x) = π −1/2 e−(x−xn )
Eq. (103)
Eqs. (66), (70)
Eqs. (66), (71)
Eq. (72)
Eqs. (75), (76)
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where νLyα ≈ 2.47 × 1015 Hz is the Lyman α frequency,
and νc = 43 νLyα is the Lyman-limit frequency. The spontaneous emission rate (Einstein A-coefficient) in the Ly-n
transition is [54]:
2n−5
213 π 3 1 − n1
νn3 2
Anp,1s =
αa
(3)

32 n3 1 + 1 2n+5 c2 0
n

213 π 3 1 νc3 2
αa0 .
∼ 2
n1 3 exp(4) n3 c2

(4)

where α is the fine structure constant and a0 is the Bohr
radius.
We define the ratio
xnp
n
feq
≡
,
(5)
3x1s
which is the equilibrium value of the photon occupation
number at the Ly-n transition frequency.
The Sobolev optical depth for the hydrogen Ly-n transition is [22, 55]:


3c3 NH x1s
xnp
A
,
(6)
τn =
1
−
np,1s
8πHνn3
3x1s
where H(z) is the Hubble expansion rate. In all that
follows, we will neglect stimulated emission in the Lyman
lines, as the photon occupation number near Ly-n is of
n
 1 (the largest value is for n = 2 and is less
order feq
than 10−11 for z < 1600). In particular, we can neglect
the last term1 in the expression for the Sobolev optical
depth Eq. (6).
Finally, we will refer to the matter temperature as Tm
and the radiation temperature as Tr . In practice, the
matter temperature is locked to the radiation temperature through Thomson scattering, and the relative difference between the two is below a percent until redshift
z ≈ 500 [22, 28].
B.

Line processes

Consider an excited hydrogen atom in the np state; it
has two mutually exclusive fates.
The first possibility is that it reaches another excited
state n0 s or n0 d, with n0 6= 1, either through a spontaneous or stimulated decay if n0 < n or following the
absorption of a CMB photon if n0 > n. It can also be
photoionized by a CMB photon.
The second possibility is that the atom spontaneously
decays to the ground state, emitting a Ly-n photon. In
principle, this decay can also be stimulated. However,

1

When dealing with the possibility of cosmological masers in
Sec. VI, we will of course explicitly account for this term and
use the appropriate expression for the Sobolev optical depth in
a general (not necessarily Lyman) transition.

even when accounting for non thermal distortions to the
radiation field, the photon occupation number at Lyman
frequencies is extremely small, and stimulated emission
in the Lyman lines can be neglected.
The probabilities of these two complementary fates
are denoted pnab , pnsc respectively (the justification of the
notation will become clearer in the next paragraph).
Given the width (or inverse lifetime) Γnp of the np state
(the sum of the rates of all transitions depopulating this
state), they are given by:
pnsc =

Anp,1s
= 1 − pnab .
Γnp

(7)

If we now assume that the considered atom was initially
in the ground state and reached the np state after the
absorption of a resonant Ly-n photon, the two fates mentioned above can be described in a two-photon picture.
First, if the atom reaches another excited state n0 < n,
the overall reaction H(1s) + γ(Ly-n) → H(n0 l) + γ 0 is
a (possibly stimulated) Raman scattering event. If the
atom absorbs a CMB photon and reaches a higher excited
state n0 > n (or gets photoionized), the overall reaction
H(1s) + γ(Ly-n) + γ 0 → H(n0 l) (or → e− + p+ ) is a
two-photon absorption (or two-photon photoionization)
event. In these cases we will refer to the absorption of
the Ly-n photon as a true absorption event, in the sense
that the photon is destroyed in the process. The emission
of a Ly-n photon following the inverse reaction chain will
be referred to as a true emission event.
Secondly, if the atom decays back to the ground state,
the overall reaction H(1s) + γ(Ly-n) → H(1s) + γ(Lyn) is a Rayleigh scattering event (which in what follows
we will refer to as a scattering event for short). In that
case the incoming and outgoing photons have the same
frequency in the atom’s rest frame. Their frequencies in
the comoving frame (frame in which the CMB appears
isotropic) are Doppler-shifted with respect to the atom’s
rest frame frequencies. Since the Doppler shift depends
on the relative orientation of the photon propagation direction and the atom’s velocity, the frequencies of the
incoming and outgoing photons in the comoving frame
are in general different. They are however statistically
correlated, as will be described in Section II B 2.
1.

True absorption and emission

The rate of true emission of resonant Ly-n photons at
frequency ν, per H atom, per frequency interval, is given
by [28, 53]:


X
Ṅν em = 
xn0 l Rn0 l→np + xe xp NH αnp 
×

(n0 6=1),l
n
psc ϕn (ν).

(8)

In the above equation, Rn0 l→np is the radiative transition
rate per hydrogen atom from the n0 l state to the np state,
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including stimulated transitions, αnp is the direct recombination coefficient to the np state, including stimulated
recombinations, and ϕn (ν) is the line profile, which has
the Voigt shape2 :


ν − νn
1
φV
; an ,
(9)
ϕn (ν) =
νn ∆H
νn ∆H
where
φV (x; a) ≡

a
π 3/2

Z

+∞

−∞

2

e−t
dt,
a2 + (x − t)2

is the dimensionless Voigt profile,
r

−1/2
2kTm
1 + z Tm
−5
∆H ≡
≈
2.35
×
10
mH c2
1100 Tr

(10)

1 Anp,1s
Γnp
= n
4πνn ∆H
psc 4πνn ∆H

(12)

is the dimensionless Voigt parameter of the line.
For small Voigt parameters a  1, which is the case in
all Lyman lines at the epoch of recombination, the Voigt
profile has the well known asymptotic behaviors in the
line center and in the damping wings:
(
2
√1 e−x , x . xa
π
φV (x; a) ≈
(13)
a
, x & xa
πx2
where the transition scale xa is the solution of [56]:
2
a
x2a e−xa = √ .
π

(14)

In general, for a  1, xa ∼ 3.
Following Ref. [28], we define
P
0
0
(n0 6=1),l xn l Rn l→np + xe xp NH αnp
n
f(em) ≡
, (15)
3x1s Γnp pnab
so that the true emission rate per H atom per frequency
interval can be rewritten as:
Ṅν

em

n
= pnab 3x1s Anp,1s ϕn (ν)f(em)
.

(16)

The rate of true absorption of resonant photons is simply the total rate of absorption times the true absorption
probability. The absorption profile differs from the emission profile by a factor eh(ν−νn )/(kT ) , where T = Tr in the
wings (because the low-energy photon of the two-photon

2

Ṅν

The Voigt profile can be derived quantum-mechanically, in the
two-photon picture, when one neglects the variation of multiplicative factors ν/νn across the line and uses the resonance approximation. See e.g. Ref. [53] for fits to the correct profile in
the case of the Lyman α line.

= −pnab 3x1s Anp,1s ϕn (ν)e

ab

h(ν−νn )
kT

fν .

(17)

The net (uncompensated) rate of true emission of resonant Ly-n photons at frequency ν, per H atom, is therefore:
Ṅν

(11)

is the dimensionless Doppler width and
an =

process comes from a black-body distribution and the
excited states of hydrogen are near Boltzmann equilibrium with each other at temperature Tr [44, 53]), and
T = Tm in the Doppler core, where atomic recoil tends
to equilibrate the radiation field with the thermal velocity distribution of the atoms. The rate of true absorption
of resonant Ly-n photons at frequency ν, per H atom, per
frequency interval, is therefore given by:

em,ab

= pnab 3x1s Anp,1s ϕn (ν)
h
i
h(ν−νn )
n
− e kT fν .
× f(em)

(18)

It will be useful in what follows to cast this expression
into a different but equivalent form, which can be done
with the following considerations.
The rate of change in the population of the np state is:
X
ẋnp =
xn0 l Rn0 l→np + xe xp NH αnp − xnp Γnp
n0 ,l

n
= 3x1s Γnp pnab f(em)
+ x1s R1s→np − xnp Γnp . (19)

The radiative rates (of order ∼ 108 s−1 ) are many orders of magnitude larger than the overall recombination
rate, which is of order the Hubble rate H ∼ 10−13 s−1 .
The population of the excited states can therefore be obtained to an excellent accuracy by using the steady state
approximation and setting ẋnp = 0 in the above equation. Setting the left hand side of Eq. (19) to zero, we
n
can solve for f(em)
:
n
f(em)
=

1
[xnp Γnp − x1s R1s→np ] .
3x1s Γnp pnab

(20)

The total (including both true absorptions and absorptions leading to a scattering) 1s → np (forward only)
excitation rate per H atom is given by:
Z
h(ν−νn )
x1s R1s→np = 3x1s Anp,1s ϕn (ν)e kT fν dν. (21)
n
This finally gives us the following relation for f(em)
[47]:
Z
h(ν−νn )
n
n
(22)
pnab f(em)
= feq
− pnsc ϕn (ν)e kT fν dν.

We can now rewrite the net rate of true emission of resonant Ly-n photons at frequency ν, per H atom, in a form
exactly equivalent to Eq. (18):
(
Ṅν

em,ab

+pnsc

n
= 3x1s Anp,1s ϕn (ν) feq
−e

h(ν−νn )
kT

fν


)
Z
h(ν−νn )
h(ν 0 −νn )
0
0
kT
kT
e
fν − ϕn (ν )e
fν 0 dν
. (23)
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2.

Coherent scattering

The rate at which resonant scattering removes photons
from the line, at frequency ν, (in photons per second per
H atom per frequency interval) is the total absorption
rate times the scattering probability:
Ṅν

sc,−

= −pnsc 3x1s Anp,1s ϕn (ν)e

h(ν−νn )
kT

fν .

(24)

The rate at which resonant scattering injects photons in
the line, at frequency ν, depends on the absorption at all
other frequencies, since incoming and outgoing photon
frequencies are correlated:
Ṅν

sc,+

= pnsc 3x1s Anp,1s
Z
h(ν 0 −νn )
× pn (ν|ν 0 )ϕn (ν 0 )e kT fν 0 dν 0 ,

(25)

processes that may act in the vicinity of the line. The
time-dependent radiative transfer equation (the Boltzmann equation for the photon fluid) can be written in
the general form:
dfν
∂fν
∂fν
≡
− Hν
= f˙ν
dt
∂t
∂ν

em,ab,sc

+ f˙ν

nr

,

(30)

where d/dt is the derivative along a photon trajectory,
and f˙ν |nr groups all processes that are not resonant with
the considered line (these could include absorption and
emission from neighboring lines for example). The contribution of resonant processes is obtained with the conversion:
f˙ν

em,ab,sc

=

c3 NH
Ṅν
8πν 2

em,ab,sc

.

(31)

where pn (ν|ν 0 ) is the probability that the outgoing photon has frequency ν in the comoving frame given that
the incoming photon had frequency ν 0 . It accounts for
the random thermal motions of the scattering atoms (at
temperature Tm ) and depends on the angular probability
distribution of a scattering event. It it is normalized:
Z
for all ν 0 ,
pn (ν|ν 0 )dν = 1,
(26)

Neglecting the variation of multiplicative factors ν/νn
across the line, and using the definition of τn , Eq. (6),
as well as Eq. (23), the most general expression for the
resonant term can be written:
h h(ν−νn )
i
1 ˙
n
−
fν em,ab,sc = τn ϕn (ν) e kT fν − feq
+ pnsc τn
Hν
Z h
i
h(ν 0 −νn )
− Rn (ν, ν 0 ) fν 0 dν 0 .
(32)
×
ϕn (ν)ϕn (ν 0 )e kT

and to respect detailed balance, must satisfy

The radiative transfer equation, Eq. (30), with f˙ν |em,ab,sc
given by Eq. (32), is therefore, in the general case, a
time-dependent, partial integro-differential equation. As
a result, it is computationally expensive to solve without
further approximations.
If the radiation field varies on a frequency scale large
compared to a Doppler width, then we can use the
Fokker-Planck operator for the scattering term, and the
above term can be approximated by:
h h(ν−νn )
i
1 ˙
n
−
fν em,ab,sc ≈ pnab τn ϕn (ν) e kT fν − f(em)
Hν



∂fν
h
∂ ν 2 ∆2H
n
ϕn (ν)
+
−psc τn
fν
.
(33)
∂ν
2
∂ν
kTm

pn (ν|ν 0 )ϕn (ν 0 ) = pn (ν 0 |ν)ϕn (ν).

(27)

The scattering redistribution kernel
Rn (ν, ν 0 ) ≡ pn (ν|ν 0 )ϕn (ν 0 )e

h(ν 0 −νn )
kT

(28)

is calculated in Ref. [57] (in which, however, atomic recoil
during a scattering event is not accounted for).
The most general form for the rate of change of the
photon field through resonant scattering is given by
Eqs. (24) and (25). However, in the case where the radiation field is smooth on the scale of a characteristic
frequency shift in a scattering h∆ν 2 i1/2 = νn ∆H , one
can approximate the integral operator by a second-order
differential operator. The rate of change of Nν due to
scattering is then given by a Fokker-Planck equation [51–
53, 58–60], accounting for scattering as a diffusive process
in frequency space, with a systematic shift (or drift) due
to recoil and Doppler boosting:
Ṅν

FP
sc

= pnsc 3x1s Anp,1s



∂ ν 2 ∆2H
∂fν
h
×
ϕn (ν)
+
fν
. (29)
∂ν
2
∂ν
kTm
3.

The radiative transfer equation

In the vicinity of the Ly-n line, the photon occupation
number evolves under the influence of the resonant processes described above, as well as eventual non resonant

More insight can be gained by considering some characteristic scales of the problem. Using the asymptotic
expansion for the wings of the Voigt profile, Eq. (13), we
obtain the total optical depth for true absorption in each
damping wing:
τnab,wing = pnab τn

an
.
πxan

(34)

If τnab,wing  1, the damping wings are optically thin to
true absorption, and one can use the Doppler core approximation to the Voigt profile in the radiative transfer
equation. If τnab,wing  1, then the wings are optically
thick for true absorption up to a detuning from the line
center:
Wn ≡ pnab τn

an
νn ∆H  νn ∆H .
π

(35)
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In that case, the radiation field is near its equilibrium
n
value fν ≈ f(em)
e−h(ν−νn )/kT within a detuning from the
line center |ν − νn | . Wn .
One can similarly define the optical depth for resonant
scattering in each damping wing, τnsc,wing . If τnsc,wing  1,
we can see using dimensional analysis that resonant scattering, when described with a Fokker-Planck operator, is
effective up to a characteristic detuning from the line
center

an 1/3
νn ∆H .
(36)
Sn ≡ pnsc τn
2π
The physical meaning of this quantity can be understood
as follows. A photon with initial frequency ν can diffuse
(in frequency space) to the line center in a characteristic
time
∆tdiff ∼

1
(ν − νn )2
,
(νn ∆H )2 cx1s NH σn (ν)

3 c2
Anp,1s ϕn (ν).
8π νn2

W2 /ν2 ∆H

10 10

1

|ν − νn |
.
νn H

∆tdiff
∼
∆tredshift

|ν − νn |
Sn

(38)

1000
1000

1200
1200
zz

ẋnp→1s = ẋ1s np = −ẋnp 1s
Z
Z
d
Nν dν = Ṅν
=
dt

(39)

1400
1400

1600
1600

em,ab

dν.

(41)

Using Eq. (23), we see that this can be written:

3
.

(40)

Therefore the radiation field will reach the equilibrium
spectrum fν ∝ e−hν/kTm within a detuning from the line
center |ν − νn | . Sn , due to the very fast redistribution
of photon frequencies through resonant scattering.
As an illustration, we show in Fig. 1 the parameters
W2 , S2 for the Lyman-α line, extracted from the MLA
code described in Ref. [44]. We see that for z & 800,
S2 ≥ W2 > νLyα ∆H and at all relevant times S2 
νLyα ∆H . According to the above discussion, the radiation field in the vicinity of Lyα is therefore smooth on a
frequency scale ∆ν ∼ S2 around line center, and the use
of the Fokker-Planck operator for resonant scattering is
well justified.
C.

800800

recombination, the quantities of interest are the net (uncompensated) bound-bound and bound-free rates, which
are required to evolve the atomic level populations and
the free electron fraction in a MLA code. In particular,
the net rate of np → 1s decays is given by:

Using the damping wings approximation for ϕn (ν)
Eq. (13), the definition of the Sobolev optical depth
Eq. (6), and Eq. (36), we obtain:


1

FIG. 1. Characteristic widths W, S for the Lyman-α line,
in units of Doppler widths, as a function of redshift for a
standard recombination history.

The time it takes for the photon to redshift from ν to νn
(if ν > νn , or from νn to ν in the opposite case) is
∆tredshift =

S2 /ν2 ∆H

100

(37)

where σn (ν) is the cross-section for resonant scattering:
σn (ν) ≡ pnsc

100

Net decay rate in the Lyman-n line

The exact shape of the radiation field in the vicinity of
resonant lines is by itself of interest when predicting potentially observable spectral distortions to the black body
spectrum of the CMB [37]. In the context of cosmological

ẋnp→1s = 3x1s Anp,1s
Z h
i
h(ν−νn )
n
×
feq
− e kT fν ϕn (ν)dν,

(42)

where we used the fact that the term proportional to pnsc
in Eq. (23) integrates to zero.
As can be seen in Eq. (42), the net decay rate in the
Ly-n transition depends on the radiation field. The latter
in turns depends on the atomic level populations through
n
, as well on eventual non-resonant processes
τn , pnsc and feq
acting in the vicinity of the line, as can be seen from the
radiative transfer equation Eqs. (30), (32) or (33) .

D.

The Sobolev approximation

Equations (30) and (32) give the most general form3
of the radiative transfer equation, in a homogeneous expanding Universe. It has no analytic solution, because
of its complexity and since it requires the values of the
level populations, which in turn depend on the radiation
field. It can however be simplified and decoupled under

3

We neglected the variation of phase-space factors ν/νn across the
line, as well as stimulated emission and stimulated scatterings.
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some approximations, for which an analytic solution exists. The Sobolev approximation [22, 55] relies on the
following assumptions:
(i) No non-resonant processes act in the vicinity of the
line (f˙ν |nr = 0 in Eq. (30)).
(ii) Steady-state : the time it takes a photon to redshift across the line is of order w/Hνn , where w is
the characteristic line width. If the line is very narrow, w  νn , then this time is much smaller than
the Hubble time, therefore physical quantities, such as
nH , Tr , Tm , H, xe , xnl vary very little during the time it
takes a photon to redshift through the line. As a consequence, one can neglect the time dependence in Eq. (30).
(iii) Equal absorption and emission profile. This assumption also derives from the assumption of an infinitesimally
thin line, in which case one can take the exponential factors to be unity in Eq. (17).
(iv) Complete redistribution of emitted photons. Mathematically, this means that pn (ν|ν 0 ) is independent of ν 0
in Eq. (25). Because of assumption (iii), it is also assumed that pn (ν|ν 0 ) = ϕn (ν), i.e. the scattered photons
are completely redistributed over the line profile. This
implies that Rn (ν, ν 0 ) = ϕn (ν)ϕn (ν 0 ), and therefore the
integral in Eq. (32) vanishes (taking the exponential to
be unity).
The radiative transfer equation, under these assumptions, becomes the much simpler ordinary differential
equation:

dfν
n
= τn ϕn (ν) fν − feq
.
(43)
dν
It has the analytic solution


Z +∞
n
n
n
0
0
fν = feq + (f+ − feq ) exp −τn
ϕn (ν )dν , (44)
ν

n
is the photon occupation number at the blue
where f+
side of the line. The photon occupation number at the
red side of the line is therefore
n
n
n
n
f−
= feq
+ (f+
− feq
)e−τn .

Integrating Eq. (43) from −∞ to +∞ gives
Z


n
n
n
f+ − f− = τn
fν − feq
ϕn (ν)dν.

(45)

(46)

This, combined with Eqs. (42) and (45) finally gives us
the standard Sobolev expression for the net decay rate in
the line:
 n

n
ẋnp→1s = 3x1s Anp,1s PS,n feq
− f+
,
(47)
where
PS,n ≡

1 − e−τn
τn

(48)

is the Sobolev escape probability. In the case of Lyman
transitions, τn  1, and PS,n ≈ 1/τn . The net decay rate
becomes, using Eq. (6):
ẋnp→1s =


8πHνn3  n
n
feq − f+
,
3
c NH

(49)

which is simply the rate at which distortion photons redshift across the line.
The Sobolev approximation provides relatively accurate net decay rates, despite the multiple assumptions
that it relies on, and recombination histories currently
used for CMB analysis [22, 23], which use this approximation, are accurate at the percent level. The level of
precision required by upcoming CMB experiments has
motivated recent work to obtain more accurate solutions
to the radiative transfer equation and net bound-bound
rates in the optically thick Lyman lines. In this work we
investigate previously ignored radiative transfer effects,
and quantify as much as possible the errors made by the
inevitable approximations that still need to be made.

III.

THE LYMAN ALPHA LINE

The Lyman-α transition is one of the bottlenecks of
hydrogen recombination. Electrons recombine to the excited states of hydrogen, from which they eventually cascade down to the n = 2 state. They can then reach the
ground state either by a two-photon decay from the 2s
state, with rate Λ2s1s ≈ 8.22 s−1 , or from the 2p state,
by redshifting out of the Lyman-α resonance, with rate
A2p1s Pesc , where Pesc is the escape probability. Due to
its substantial impact on the recombination history (see
for example Fig. 11 in Ref. [47]), the net decay rate, or
equivalently the escape probability in Lyα has been studied extensively, including time-dependent effects [47, 58],
two-photon processes [44, 50], resonant scattering [51–
53, 61, 62], and Thomson scattering [52]. In this section
we consider two additional effects: the non-local aspect
of Thomson scattering (Section III A), and a quantitative
estimate of the effect of deuterium on hydrogen recombination (Section III B).
To simplify the notation we drop the subscripts and
superscripts “2” in this section, and all the quantities
previously defined implicitly refer to Lyα.

A.

Thomson scattering in Lyman-α

Thomson scattering in the vicinity of resonant lines
was investigated in the context of helium recombination
[30] with a Monte Carlo method and found to lead to
negligible changes to the recombination history. Its effect
on the hydrogen Lyα line was investigated recently [52]
and found to lead to negligible corrections to the escape
probability and the recombination history. In Ref. [52]
however, electron scattering was described with the Kompaneets equation, which is not valid in the context of cosmological hydrogen recombination, as we argue below.
Here we provide a more rigorous treatment of Thomson
scattering, using the full redistribution kernel, which we
incorporate in the Lyman-α radiative transfer code described in Ref. [53].
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NH x e σ T c
ηe ≡
,
HνLyα

(50)

-5
-6
-7

2

(51)
where RT (ν 0 → ν) is the electron scattering kernel.
If the radiation field is smooth on the scale of a characteristic
frequency shift during a scattering ∆νe ≡
p
νLyα 2kTm /me c2 , then the integral operator for electron scattering can be approximated by a Fokker-Planck
operator, accounting for diffusion and drift in frequency
space with rates [63]:
dh∆ν 2 i
2kTm
= NH xe σT c ν 2
dt
me c2
dh∆νi
4kTm − hν
= NH xe σT c ν
.
dt
me c2

(52)
(53)

The corresponding Fokker-Planck equation is known as
the Kompaneets equation:
FP
T

-3
-4

where σT ≈ 6.65 × 10
cm is the Thomson cross section.
Thomson scatterings can affect the recombination history if they take place within the characteristic width
W over which the Lyman-α line is optically thick for
true absorption. We show in Fig. 2 the mean number of
Thomson scatterings within a detuning W of line center, ηe W. We see that it peaks at ∼ 0.08 for z ∼ 1375,
and remains above 0.001 for z & 1000, which suggests
that Thomson scattering is potentially important at the
subpercent level and should be carefully accounted for.
The rate of change of the number of photons per unit
frequency per hydrogen atom due to Thomson scattering,
neglecting stimulated scatterings, is:


Z
0
0
0
Ṅν T = NH xe σT c −Nν + Nν RT (ν → ν)dν ,

N˙ν

-2

kTm
= NH x e σ T c
me c2
( 


)
∂ Nν
∂
h Nν
4
ν
×
+
∂ν
∂ν ν 2
kTm ν 2

(54)

This is the approximation that was made in Ref. [52].
However, due to the small mass of the electron, the characteristic frequency shift during an electron scattering
event ∆νe can be larger than the characteristic width
over which the radiation field changes in the vicinity of
the line. This characteristic width is of order S (which is
& W at all times, see Fig. 1), set by frequency diffusion
due to resonant scattering near line center (see end of
Section II B 3). We see from Fig. 2 that ∆νe ≥ S at all
times, and therefore electron scattering cannot be considered as a diffusive process and the Kompaneets equation
is not valid in this context.

5
4

∆νe /S

−25

-1

log10 (ηe W)

The strength of Thomson scattering is characterized
by its differential optical depth, flat in frequency in the
non relativistic limit [30]:

3
2
1
0
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1600

z

FIG. 2. Top panel : characteristic number of electron scatterings within the region where the Lyα line is optically thick
for true absorption. Bottom panel : ratio of the characteristic frequency shift during a Thomson scattering event to the
characteristic width over which the Lyα line is smoothed out
by frequent resonant scatterings.

We have implemented the correct integral scattering
kernel given by Eq. (51) in the Lyman-α transfer code
developed in Ref. [53]. Accurate approximate expressions
of the electron scattering kernel RT (ν 0 → ν) are given in
Ref. [63]. For the purpose of our calculation, we only
need the kernel calculated in the non-relativistic limit
adequate here, for a dipolar angular distribution [64]. We
set


2
ν − ν0
RT (ν 0 → ν) + RT (ν → ν 0 ) =
R
, (55)
∆νe
∆νe
where the dimensionless kernel R is given by4 [63, 64]:




1
β2
1 4
2
R(β) = √ 11 + 4β + β exp −
2
4
10 π


 
1
1
|β|
−
3 + β 2 + β 4 |β| erfc
,
(56)
4
10
2
We moreover require that detailed balance is satisfied,
i.e. that the Planck spectrum Nν ∝ ν 2 e−hν/(kTm ) (in the
limit hν  kTm valid here) is preserved by imposing:


RT (ν → ν 0 )
ν 02
h(ν − ν 0 )
= 2 exp
.
(57)
RT (ν 0 → ν)
ν
kTm
When evolving the number of photons per H nucleus per
frequency bin in the ith frequency bin, Ni = Nνi νi ∆ ln ν,
the radiative transfer code uses a backward Euler method
which requires inverting the matrix equation:
Mij (t + ∆t)Nj (t + ∆t) = Ni (t).

4

There is a typo in Ref. [64]: erf should be erfc.

(58)
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−1

(M0 + δM)

−1
−1
= M−1
0 − M0 (δM)M0
−1
−1
+ M0 (δM)M0 (δM)M−1
0 − ...(59)

We find that the second order of the expansion is usually
sufficient, with a maximum change of the net decay rate
in the line of 1.5 × 10−5 between the first and second
order.
We show the resulting changes in the free electron fraction in Fig. 3. We can see that at early times, z & 1350,
Thomson scattering delays recombination. Indeed, the
relatively large frequency changes during electron scatterings allow photons to be moved from the red side of
the line to the blue side of the line, and vice versa. Because of the large jump in photon occupation number
across the line, the net photon flux is from the red side to
the blue side. As a consequence, some escaping photons
are reinjected into the line, where they can be absorbed,
which decreases the escape rate and delays recombination. At later times, this effect is not so important as
the radiation profile becomes smoother (∆νe ∼ S, see
Fig. 2). The systematic frequency loss during scattering event due to electron recoil starts to dominate, and
Thomson scattering helps photons escaping out of the
line and speeds up recombination.
For comparison, we have also implemented the Kompaneets equation (54), in a similar fashion as resonant
scattering (see Ref. [53] for details on the implementation). We can see that using the Kompaneets equation
does not represent accurately the physics of Thomson
scattering, as it cannot capture the large frequency shifts
at early times. The error in the correction is of order
the correction itself, and it has the wrong sign at early
times. However, the basic conclusion reached in Ref. [52]
remains valid: Thomson scattering can indeed be safely
ignored during cosmic hydrogen recombination, since it
leads to corrections to the ionization fraction of at most
∆xe /xe ∼ ±3 × 10−5 .
B.

Interaction with the Deuterium Lyα line
1.

Motivations

A second radiative transfer effect associated with the
Lyman-α transition is the interaction of the hydrogen
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Full scattering kernel
Matrix
Fokker-Planck
Kompaneets
equation

6
4

105 !xe/xe

The matrix to be inverted, M, is tridiagonal in the case
where only absorption, emission, and resonant scattering (described by a Fokker-Planck operator) are present.
Thomson scattering breaks this tridiagonality, which renders the system prohibitively time-consuming to invert
(M is a 801×801 matrix in our lowest resolution run).
However, we can use the fact that Thomson scattering
is only a perturbation to the radiative transfer equation.
Therefore, M = M0 + δM, where M0 is an easily invertible tridiagonal matrix, and the perturbation δM due to
Thomson scattering is such that its eigenvalues are always small compared to those of M0 . We can therefore
invert the perturbed matrix using the expansion:

2
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FIG. 3. Changes to the recombination history due to Thomson scattering.

and deuterium lines. Due to the slightly larger reduced
mass of deuterium, the Lyman-α frequency in deuterium
νD ≡ νLyα (D) is shifted to a higher frequency than that
of hydrogen, νH ≡ νLyα (H). The relative shift, to first
order in me /mp , and with mD+ ≈ 2mp , is:
me
νD − νH
≈
≈ 2.7 × 10−4 .
νH
2mp

(60)

This separation is ∼ 10 times the Doppler width of
the hydrogen line so the D Ly-α line center lies in
the blue damping wing of the H Ly-α line. Despite
the tiny fractional abundance of primordial deuterium
−5
xD = 2.87+0.22
[65], the D Ly-α line is still opti−0.21 × 10
cally thick during cosmological hydrogen recombination,
τD,Lyα ≈ xD τH,Lyα ∼ 102 − 104 . This has motivated
the authors of Ref. [46] to consider the possible screening of radiation incoming into the H Lyα line by the
optically thick, bluer D Lyα line. However, due to the
optically thick nature of the H Lyα damping wings, the
deuterium problem is more complicated than a simple
Lyα(D)→Lyα(H) feedback prescription, as pointed out
in Ref. [46]. In this section, we set up the problem of
the interaction of the H and D Lyα lines, and show that
there is no significant effect on the recombination history.
2.

Spectral distortions caused by deuterium

Our first step is to understand the physical mechanism
of deuterium recombination. The rates of D and H recombination are tied together via the charge-exchange
reaction
D+ + H(1s) ↔ D(1s) + H+ ,

(61)

which has a forward rate coefficient of order ∼
10−9 cm3 s−1 [66]; at recombination-era densities of ∼
500 cm−3 this implies an equilibrium timescale of ∼
2 × 106 s, i.e. six orders of magnitude shorter than the recombination timescale itself. Thus to a very good approximation, the deuterium ionization fraction tracks that of
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and write

hydrogen:
∆EI
∆EI
xe − kT
x +
xD +
m ,
≈ H e− kTm ≈
e
xD(1s)
xH(1s)
1 − xe

(62)

where the difference in ionization energies of deuterium
and hydrogen, ∆EI /k ≈ 41 K, is small compared to the
matter temperature during recombination.
Like hydrogen, deuterium may recombine radiatively
and reach the ground state either via 2s → 1s two-photon
decay or Lyα escape; the net rate of recombinations
(H+D) is simply the sum of the two rates, and charge exchange (Eq. 61) distributes the bound electrons between
H and D. It is clear that the absolute rate of transitions to
the ground state via the optically thin 2s → 1s transition
will be much smaller for D than H because of its lower
abundance; however for the Lyα channel in principle the
rates could be comparable because the Lyα(D) optical
depth is smaller than the Lyα(H) optical depth by a factor of ∼ xD , and hence the escape probability is enhanced
−1
by a factor of xD
. However, since Lyα(D) is located
blueward of Lyα(H), all photons emitted in Lyα(D) will
be re-absorbed in Lyα(H); and all photons absorbed in
the Lyα(D) transition would have been absorbed anyway
had the deuterium not been present. Thus the net (integrated over time) number of recombinations that proceed
via Lyα(D) escape is zero. However, the re-absorption of
the D photons is not instantaneous, so at any given time
the presence of deuterium causes an additional distortion of the radiation field (on top of the distortion to
the blackbody spectrum due to H(2p) → H(1s) decays
in the blue wing of H Lyα). The number of additional
distortion photons per hydrogen atom is
Z
8πν 2 (H+D)
U=
[f
− fν(H) ] dν,
(63)
c3 NH ν
(H)

where fν is the photon occupation number when only
(H+D)
is its value when the
hydrogen is present, and fν
presence of deuterium is accounted for.
Note that U (t) → 0 at both early times (because the
radiation field is thermal independently of the presence
of deuterium) and late times (since after recombination
is over, there are no more Lyα photons produced).
The correction to the rate of formation of ground-state
atoms through the (H+D) 2p → 1s channel is then equal
to the rate of creation of distortion photons:
∆ẋ1s |Lyα(D) = −∆ẋe |Lyα(D) = U̇ .
3.

(64)

Analytic estimate for the number of spectral distortion
photons

We may now obtain an analytic estimate for U (t). Following Hirata [44] and Hirata & Forbes [53], we make the
change of variables
ν ≡ νH +

kTr
y,
h

(65)



hνH
hν
H
fν = e− kTr + feq
− e− kTr Ψ(y),

(66)


H
where feq
≡ xH(2p) / 3xH(1s) . We also define the dimensionless widths:
hW
,
kTr

3
hS
,
S≡
kTr
h(νD − νH )
yD ≡
.
kTr
W ≡

(67)
(68)
(69)

Taking Tm ≈ Tr and using the damping wing approximation for the Voigt profile, the steady-state radiative
transfer equation in the blue wing of H Lyα takes the
following form in the absence of deuterium [53]:
dΨ(H)
W
= 2
dy
y
d
−
dy




ey Ψ(H) − 1
  (H)

S dΨ
(H)
+Ψ
,
y2
dy

(70)

with boundary conditions Ψ(H) (+∞) = 0 (neglecting
Lyβ → Lyα feedback in this problem for simplicity) and
Ψ(H) (0) = 1. The presence of deuterium modifies this
equation by adding a term due to absorption and emission by deuterium at y = yD :

dΨ(H+D)
W 
= 2 ey Ψ(H+D) − 1
dy
y

 
d S dΨ(H+D)
(H+D)
+
Ψ
−
dy y 2
dy


+ τD ϕD (y) ey−yD Ψ(H+D) (y) − ΨD (71)
where τD ≡ τD,Lyα , ϕD (y) ≡ h/kTr ϕD (ν) is the dimensionless emission profile in the deuterium line, and we
have used
hνD

ΨD ≡

D
feq
− e− kTr

(72)
hνH ,
H − e− kTr
feq

D
with feq
≡ xD(2p) / 3xD(1s) .
Several implicit assumptions went into Eq. (71).
First, we assumed complete redistribution in the deuterium line (i.e. did not account for partial redistribution
during resonant scattering events). This approximation
is well justified since the deuterium line is dominated by
its Doppler core: the damping wings are only marginally
optically thick, and the differential optical depth in the
deuterium wings is always much smaller than that of hydrogen anyway (see for example Fig. 7 of Ref. [46]). In
this case complete redistribution is a good approximation
since both partial and complete redistribution have a similar characteristic frequency width, the Doppler width of
the line.
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In addition, we assumed that the Fokker-Planck representation of the scattering operator (for scatterings by
hydrogen atoms) remained valid in the vicinity of the
deuterium line. This can only be valid if the radiation
field remains smooth on the scale of a Doppler width,
even with the presence of the narrow optically thick deuterium line. This is the case since (νD − νH )3  S 3 at
most times (see Fig. 1, with νD − νH ≈ 10 × νH ∆H ).
Therefore, according to the discussion in Section II B 3,
diffusion occurs on a much shorter timescale than redshifting, and photons emitted in deuterium Lyα decays
at the deuterium resonant frequency are rapidly redistributed on both sides of the line by frequent scatterings
by hydrogen atoms, smoothing out the radiation field in
the vicinity of the D Lyα line.
Finally, one should in principle rescale the optical
depth for hydrogen true absorption and scattering by a
factor (1 − xD ), in both the blue and red wings (in particular, change W and S to (1 − xD )W and (1 − xD )S
in Eq. (71)). However, Lyα decays in the damping wings
only lead to a ∼ 1% correction to the recombination history [44]. Therefore the correct rescaling would lead to
a negligible O(10−7 ) correction, and we simply use W, S
in Eq. (71) and neglect corrections to the decay rate in
the red wing.
Our last approximation will consist in taking ϕD (y) =
δ(y − yD ). Indeed, the radiation field will vary on a characteristic scale S, which is much larger than the width
of the Doppler-broadened deuterium line
√ (see Fig. 1; the
Doppler width of the deuterium line is 2 times smaller
than that of the hydrogen line). The presence of the optically thick deuterium line in the blue wing of H Lyα
therefore amounts to imposing an additional boundary
condition:
−
+
Ψ(H+D) (yD
) = Ψ(H+D) (yD
) = ΨD ,

(73)

where the continuity of Ψ(H+D) across the deuterium line
is insured by the very fast redistribution of emitted photons in the frequency domain by the frequent hydrogen
resonant scatterings. Eq. (71) is otherwise identical to
Eq. (70) for y > yD and y < yD . We define
∆ΨD ≡ ΨD − Ψ(H) (yD ).

(74)

By linearity, we have
Ψ(H+D) − Ψ(H) = ∆ΨD × ψ,

(75)

where the function ψ(y) is the solution of the second
order linear homogeneous equation
 

dψ
W y
d S dψ
= 2e ψ−
+ψ
(76)
dy
y
dy y 2 dy
with boundary conditions
ψ(+∞) = ψ(0) = 0 ,

ψ(yD ) = 1.

(77)

The number of additional distortion photons per hydrogen atom due the presence of deuterium therefore becomes
2

hν
8πνLyα
kTr  H
− kTH
r
∆ΨD ∆I,
(78)
U≈
f
−
e
eq
c 3 NH h
where
∆I(W, S, yD ) ≡

Z

+∞

ψ(y)dy.

(79)

0

Our last step is to estimate ∆ΨD . The population of the
n = 2 shell of deuterium is controlled by recombinations
to the excited states and Lyman-α decays (as mentioned
earlier, decays to the ground state through the Lyman-α
channel are dominant over two-photon decays from the
2s state because of the relatively low optical depth of
the D Lyα line). We can obtain the contribution of the
former with a Peebles-like estimate [24]:
"
3
ẋD(2p) rec = αB (Tm ) NH xe xD+
4
#

3/2
−hνD
1 me kTm
3kT
−
e m xD(2p) , (80)
3
2π~2
where αB (Tm ) is the case-B recombination coefficient,
for which we use the fitting function given in Ref. [67].
The contribution from the Lyα decays, Eq. (42), can be
rewritten after some manipulations as:

hνH
8πHν 3  H
ẋD(2p) Lyα = 3 D feq
− e− kTr
c NH
Z


× τD ϕD (y) ey−yD Ψ(H+D) (y) − ΨD dy. (81)
Using Eq. (71), and taking the limit ϕD (y) → δ(y − yD )
(i.e. assuming ϕD (y) has support only in yD ± , and
taking the limit  → 0) we obtain:
Z


τD ϕD (y) ey−yD Ψ(H+D) (y) − ΨD =


dΨ(H+D)
S dΨ(H+D)
−
,
(82)
2
+
−
yD
dy
dy
yD
yD
where we used the continuity of Ψ(H+D) across the line
(so the first derivative integrates to Ψ(H+D) (yD + ) −
Ψ(H+D) (yD − ) → 0), and its finiteness (so the integral of the term proportional to W vanishes as  → 0).
The derivative of Ψ(H+D) may however be discontinuous across the deuterium line because of the presence
of the delta function. Eq. (82) simply states that the
net rate of decays in the deuterium line is balanced, in
steady-state, by the flux of photons due to frequency
diffusion across νD . Since there is no discontinuity of
the derivative of Ψ(H) at yD , we can replace Ψ(H+D) by
Ψ(H+D) − Ψ(H) = ∆ΨD × ψ in Eq. (82). Our final expression for the net rate of Lyα absorptions is therefore

hνH
8πHν 3  H
ẋD(2p) Lyα = − 3 D feq
− e− kTr ∆ΨD ∆Ξ, (83)
c NH
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where


∆Ξ(W, S, yD ) ≡

S dψ
2
yD
dy

−
yD

−

dψ
dy


+
yD

> 0.

(84)

Transition rates into and out of the 2p state of deuterium
are many orders of magnitude larger than the overall recombination rate which is of order of the Hubble rate.
The population of the 2p state, and therefore ∆ΨD , can
be solved for in the steady-state approximation, setting
0 ≈ ẋD(2p) = ẋD(2p)

rec

+ ẋD(2p)

Lyα

.

(85)

We first express xD(2p) in terms of ∆ΨD , using Eqs. (66),
(72) and (74):
xD(2p) = 3xD(1s) ×
h hνD 

i
hνH
H
e− kTr + feq
Ψ(H) (yD ) + ∆ΨD . (86)
− e− kTr
We also need to compute Ψ(H) (yD ), ∆Ξ and ∆I numerically as a function of W, S, yD . We do so by solving
Eqs. (70) and (76) with a shooting method (see Appendix A of Ref. [53]). Using Eq. (62) for xD+ and replacing xD(2p) by the above expression in Eq. (80), we
can then solve for ∆ΨD for a given “order zero” recombination history (i.e. computed without the deuterium correction) and the corresponding parameters
H
(z). We use the output of our EMLA code
W (z), S(z), feq
[41] to generate such a history.

4.

Lyα

= −∆Ξ

fνHD .

S
3 =3
yD

(87)

where
≡
Without the factor ∆Ξ, this is just
the usual Sobolev decay rate, Eq. (49) which is the rate
at which photons emitted in the line redshift across the
line.
Now, as can be seen from Fig. 1, at most relevant times,
W 3  S. Moreover, as the separation of the deuterium



S
νD − νH

3
 1.

(88)

Using Eq. (40), we see that ∆Ξ ∼ ∆tredshift /∆tdiff . The
meaning of Eq. (87) is now clearer: the net D 2p → 1s
decay rate is given by the rate at which photons diffuse
out of the deuterium line due to scattering by hydrogen
atoms, rather than the rate at which they redshift out
of the line as would be prescribed by the Sobolev approximation. The fast frequency diffusion rate near νD
therefore enhances the decay rate in the line. Note that
the decay rate per deuterium atom is already enhanced
by a factor of x−1
D relative to the equivalent rate in the
hydrogen line, per hydrogen atom. Therefore the very
fast 2p → 1s decays bring the deuterium 2p to 1s ratio
towards near equilibrium with the local radiation field,
fνHD (if it were not for the distortions due to the optical
thickness of the blue wing of hydrogen, the 2p state would
therefore rather be near Boltzmann equilibrium with the
ground state than near Saha equilibrium as it is the case
for hydrogen).
In the net recombination rate to the D(2p) state,
Eq. (80), we can therefore approximate xD(2p) ≈
3xD(1s) fνHD ≈ e−h(νD −νH )/kTr xD xH(2p) . The second approximation stems from the fact that (νD − νH )3  S 3 .
With this approximation, and using Eq. (62), we obtain:
ẋD(2p)

3
8πHνD
3c3 NH xD(1s)


× xD(2p) − 3xD(1s) fν+D ,
fν+D

∆Ξ ≈ 3

Results and discussion

We obtain a very small relative distorsion ∆ΨD , with
a maximum value of ∼ 10−4 at z ∼ 1600, falling below
10−6 for z . 1400. As a result, the number of distortion
photons per hydrogen atom, U , given by Eq. (78) is also
extremely small, peaking at ∼ 3 × 10−9 at z ∼ 1500, and
D Lyα decays have virtually no effect on the recombination dynamics.
To better understand the magnitude of the effect, it is
more enlightening at this point to write some approximate expressions in the case relevant here.
We start by rewriting the net decay rate in the deuterium Lyα line, Eq. (83), in a more familiar form, using
the definitions for ∆ΨD , ΨD and ΨH (y) Eqs. (74), (72)
and (66):
ẋD(2p)

and hydrogen lines is approximately 10 Doppler widths,
3
we also have yD
 S. In these limits, one can show that
∆Ξ takes on the approximate form:

rec

≈ xD ẋH(2p)

rec

(89)

We also rewrite the net decay rate in the D Lyα line,
Eq. (83), as follows:
ẋD(2p)

Lyα

= ẋH(2p)

Lyα

≈ −ẋH(2p)

× ∆ΨD ∆Ξ

rec

× ∆ΨD ∆Ξ,

(90)

where in the second line we used the steady-state approximation for the population of the H(2p) state. Setting
ẋD(2p) ≈ 0, we therefore obtain:
∆ΨD ≈

xD
.
∆Ξ

(91)

Now, roughly
speaking, for yD  W, S, the integral
R
∆I = ψ(y)dy
is of the same order of magnitude as
R
the integral ΨH (y)dy (this can be checked numerically).
This is only very approximate but allows us to rewrite
2

hνH
8πνLyα
kTr  H
feq − e− kTr ∆I ∼ x+ ,
3
c NH h

(92)

where x+ is the number of distortion photons per hydrogen atoms in the blue wing of Lyα, due to two-photon
transitions and diffusion in hydrogen (see Eq. (69) of
Ref. [53]).
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We can now finally obtain an approximate expression
for the number of distortion photons due to the presence
of deuterium:
U∼

xD
x+ .
∆Ξ

(93)

The distortion in the blue wing of Lyman-α due to hydrogen two-photon decays and diffusion itself leads to
O(1%) corrections to the recombination history [44, 53].
The distortion due to the presence of deuterium is much
smaller due to the very fast D Lyα decays, which bring
the D(2p)/D(1s) ratio very close to equilibrium with the
radiation field at the frequency νD . As explained above,
this fast decay rate is due to a relatively small optical
depth in the deuterium Lyman line (smaller by a factor
xD than that of hydrogen), and is further enhanced by
the large diffusion rate near νD , translating to the large
∆Ξ in the denominator of Eq. (93).
We therefore conclude that the effect of deuterium on
the recombination history is at most O(10−7 ) (due to the
rescaling of the optical depth of hydrogen absorption and
scattering in the damping wings, changing x+ by factors
of order xD ). Note that accounting for the presence of
deuterium also induces changes to the background expansion of the order of xD ∼ 10−5 . Moreover, depending on
how the ionization fraction is normalized (with respect to
total H+D of just H), there can be ambiguities of ∼ 10−5
in xe . These modifications to the recombination histories
can however be safely ignored given the level of accuracy
required by Planck.

IV.

HIGHER ORDER, NON-OVERLAPPING
LYMAN LINES (2 ≤ n . 23)
A.

List of efficient Lyman transitions

One of the strengths of the EMLA formulation [41] is
that it only requires the computations of effective transition rates for a small set of “interface” states. These
“interface” states should in principle be 2s, 2p, and all the
higher lying p states. However, as exposed in Ref. [41],
only the lowest few Lyman transitions significantly contribute to the overall recombination rate, and one can
neglect higher order Lyman transitions without loss of
accuracy. The aim of this section is to verify this statement quantitatively.
For that purpose, we computed a series of recombination histories with RecSparse [39], with nmax = 30, artificially setting the Lyman transition rates to zero above
a fiducial transition, and compared them to the exact
calculation where all Lyman transitions are included up
to nmax . Both calculations included feedback between
neighboring Lyman lines with non-vanishing transition
rates, and in both cases the photon occupation number
incoming on the highest line considered was taken to be a
blackbody. We find that neglecting Lyγ and above leads
to changes to the recombination history |∆xe /xe | of at

most 8×10−5 , neglecting Lyδ and above leads to changes
of at most 10−5 , and neglecting Ly and above leads to
changes of at most 3 × 10−6 . We therefore conclude that
it is sufficient to only include the Lyα, β, and γ transitions when computing recombination histories accurate
to the level of 0.01%.
B.

Resonant scattering in the low lying Lyman
lines

The Lyman-α line has a particularly high resonant
scattering probability, as atoms in the 2p state can
leave the state only through spontaneous Ly-α decay,
or through absorption of a CMB photon. There is no
lower energy state to spontaneously decay to other than
the ground state. For higher order Lyman transitions,
though, there are multiple allowed channels out of the
np state, np → n0 l, with 1 < n0 < n and l = 0, 2. Therefore the scattering probability defined in Eq. (7) becomes
comparable to the absorption probability, pnsc ∼ pnab (in
Lyγ
vacuum, pLyβ
ab ≈ 0.12 and pab ≈ 0.16). From Eqs. (35),
(36), we can see that in that case


Sn
ν n ∆H

3
∼

Wn
.
ν n ∆H

(94)

The wings of the Lyβ and Lyγ lines are optically thick
for true absorption (this is the case for all Ly-n lines with
n . 13). This implies (see Eq. (35) and corresponding
discussion):
1

Wn

νn ∆H



Wn
νn ∆H

3
,

(95)

where the the second inequality is a consequence of the
first one. From Eq. (94), we therefore obtain that for the
3
low-lying Lyman lines above Lyα, (Sn /Wn )  1. This
means that frequency diffusion is efficient only on a small
fraction of the width over which the line is optically thick
to true absorption.
There is not a simple relationship between the ratio
3
(Sn /Wn ) and the impact of frequency diffusion on the
Ly-n decay rate. However, the effect of frequency diffusion clearly increases with this ratio. Radiative transfer
computations including frequency diffusion were carried
out for the Lyman-α line, which showed that frequency
diffusion leads to corrections of a few percents to the
net decay rate in Lyα [52, 53]. As shown in Fig. 1,
3
(S2 /W2 )  1 at most times for the Lyα line, in contrast with what we just showed for the higher-order lines.
Therefore, we can expect that frequency diffusion would
lead to corrections of much less than a percent to the net
decay rate in the Lyβ and Lyγ lines. Since Lyβ decays
themselves contribute of the order of a percent only to
the overall recombination rate, sub-percent corrections
to their rate can therefore be safely neglected at the level
of accuracy required.
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As a conclusion, resonant scattering in Lyβ and higher
order Lyman lines does not affect the recombination dynamics to any significant level.
V.

OVERLAP OF THE HIGH-LYING LYMAN
LINES (n & 24)
A.

Motivations

In the previous section we have shown that Lyman
transitions above Lyγ do not affect the recombination
history to a significant level and can be ignored. However, this relied on using the Sobolev approximation for
the net decay rate out of the optically thick Lyman lines.
As we show below, high-lying Lyman lines overlap with
each other, or even with the continuum, which breaks assumption (i) of the Sobolev approximation that each line
is isolated. In this section we address the consequences
of this feature.
For n & 13, the Lyman lines are dominated by their
Doppler core (the damping wings become optically thin).
The condition for the two neighboring Ly-(n + 1) and
Ly-n lines to overlap is therefore that their separation
νn+1 − νn ∼ 2νc /n3 becomes of order the Doppler width
of an individual line, νn ∆H ∼ νc ∆H . Overlap therefore
occurs for

1/3

−1/6
2
Tm
n & nov ≡
≈ 44
.
(96)
∆H
3000 K
For even higher order lines, the separation with the continuum νc −νn = νc /n2 becomes of the order of a Doppler
width. This occurs for
−1/4

Tm
−1/2
.
(97)
≈ 206
n & nov,c ≡ ∆H
3000K
Intuitively, one can expect that line overlap amounts
(ov)
to adding new transitions Rnp→n0 p between high-lying p
states, as photons emitted in the np → 1s transition can
be re-absorbed immediately in a neighboring 1s → n0 p
transition. More importantly, overlap with the continuum provides an additional recombination pathway. Direct recombinations to the ground state are usually considered as highly inefficient as the resulting emitted photons can immediately ionize neutral hydrogen atoms in
their ground state. Chluba & Sunyaev [45] have considered the possibility of continuum escape (similar to
Lyman-α escape), and have shown that it leads to negligible corrections to the ionization history ∆xe /xe ∼ 10−6 .
If overlap of the highest Lyman lines with the continuum
is accounted for, it becomes possible for free electrons and
protons to successfully recombine to the ground state of
hydrogen, if the emitted photon subsequently excites another atom to a high-lying p state rather that ionizing it.
The recombination event e− + p → 1s + γ immediately
followed by the absorption event 1s + γ → np thus corresponds to an additional, indirect recombination event

(ov)

to the np state, to which a coefficient αnp can be associated. The reverse process corresponds to an additional
(ov)
photoionization rate, βnp .
Modern recombination codes account for the excited
states of hydrogen up to extremely high principal quantum number nmax & 200 [39, 40], and recently up to
nmax = 500 [41]. It is therefore important to quantify
the impact of line overlap on the recombination history.
In what follows we develop a formalism that generalizes
the Sobolev escape probability method, and accounts for
the overlap of the high lying Lyman lines.
We start by evaluating the effect of photoionization
and recombinations from and to the ground state on the
radiation field and providing the relevant equations.
B.

Photoionization and recombination from and to
the ground state

The frequency-dependent photoionization crosssection from the ground state is, in the atom’s rest
frame:
 
ν
,
(98)
σ(ν) = σ0 g
νc
where
σ0 ≡

29 π 2
αa2 ≈ 6.3 × 10−18 cm2
3 exp(4) 0

(99)

is the photoionization cross-section at threshold and the
function g(κ) is such that g(κ < 1) = 0, g(1) = 1, and
varies on a scale ∆κ ∼ 1 for κ > 1[54]. The Doppleraveraged cross-section is therefore:
Z +∞
2
e−u
σ(ν; Tm ) =
σ(ν[1 − u∆H ]) √ du
π
−∞

 −u2
Z ν−ν
c
ν∆H
ν
e
= σ0
g
[1 − u∆H ] √ du.(100)
ν
π
c
−∞
In what follows we use the distance to the Lyman limit
in Doppler width units:
x≡

ν − νc
.
νc ∆H

(101)

The Doppler-averaged cross-section can be rewritten as
σ(ν; Tm ) =
x
Z 1+x∆
2
H
e−u
g ([1 + x∆H ][1 − u∆H ]) √ du.
π
−∞

(102)

For frequencies within a few Doppler widths from the Lyman limit (|x| ∼ a few), the argument of g in the integral
is 1 + O(∆H ). Since g varies very little on a scale ∆H ,
we can set it to its threshold value in the integral, g ≈ 1.
We therefore obtain the Doppler-averaged photoionization cross section, for frequencies within a few Doppler
widths of the ionization threshold:


1
σ(ν; Tm ) ≈ σ0 1 − erfc(x) ≡ σ0 φc (x), (103)
2
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where the last equality defines the dimensionless profile
φc (x).
The rate of photoionizations from the ground state per
hydrogen atom per frequency interval (for the photoionizing photon) is then:
Ṅν

phot

= −cσ(ν; Tm )NH x1s Nν .

(104)

Detailed balance considerations show that the differential recombination coefficient to the ground state, per
frequency interval for the outgoing photon (in units of
cm3 s−1 Hz−1 ) is given by:
h(ν−νc )
8πν 2
dα1s
= 2 σ(ν; Tm )e− kTm
dν
c



2π~2
me kTm

3/2
. (105)

The rate of recombinations to the ground state per hydrogen atom per frequency interval (for the emitted photon)
is then
Ṅν

rec

= NH x2e

dα1s
.
dν

(106)

We define the continuum equilibrium occupation number:
c
feq

NH x2e
≡
x1s



2π~2
me kTm

3/2
.

(107)

The rate of change of the photon occupation number due
to photoionizations and recombinations from and to the
ground state, neglecting stimulated recombinations, can
then be written as:
h
i
h(ν−νc )
c
f˙ν c = −cσ(ν; Tm )NH x1s fν − e− kTm feq
.(108)
C. The radiative transfer equation in the presence
of multiple overlapping lines, and photoionization
and recombination from and to the ground state

The time-dependent radiative transfer equation for the
photon occupation number fν , Eqs. (30), (32), in the
presence of multiple lines, is (if one line is considered
as the fiducial line, then the other lines and continuum
absorption and emission constitute the “non-resonant”
processes in that equation):
h h(ν−νn )
i
X
∂fν
1 ∂fν
n
+
=
τn ϕn (ν) e kTm fν − feq
−
Hν ∂t
∂ν
n

Z 
X
h(ν 0 −νn )
n
0
0
kT
m
+
psc τn
ϕn (ν)ϕn (ν )e
− Rn (ν, ν ) fν 0 dν 0
n

+

cσ(ν)NH x1s
Hν

h
i
h(ν−νc )
c
fν − e− kTm feq
.

(109)

Since line overlap is expected to be a small correction to
the recombination history, we can neglect “corrections to
the correction” and make some approximations to simplify the calculations. As the potentially important effect

is the violation of assumption (i) of the Sobolev approximation, we will lift this assumption, but keep the other
three assumptions on which it relies, as we justify below.
First, as we are considering the radiation field over
a characteristic frequency width a few Doppler widths,
which corresponds to changes in the scale factor ∆a/a ∼
10−4 , we can make the usual steady-state approximation
by neglecting the time derivative. We also approximate
the exponentials by unity since their exponents are of orhνc
der ∼ ∆H kT
∼ 10−3 . In addition, we approximate the
m
Doppler width of the Ly-n line νn ∆H ≈ νc ∆H , neglecting
corrections of order O(n−2 ). Finally, we will assume complete redistribution for resonant scattering. The validity
of the latter approximation is more difficult to precisely
quantify, but it can be justified with the following arguments. Firstly, the resonant scattering probability pnsc
rapidly decreases as n increases due to the abundance
of low-energy photons that can easily photoionize atoms
in the np state or cause transitions to neighboring excited states. We find, for Tm = 3000 K, p25
sc = 0.44,
200
100
=
0.09.
Secondly,
for a
=
0.17
and
p
=
0.28,
p
p50
sc
sc
sc
Doppler-dominated line, partial redistribution is close to
complete redistribution, in the sense that both distributions have a similar characteristic width, of the order of a
Doppler width. This contrasts with the Lyα line, where
complete redistribution can change photon frequencies
by many Doppler widths due to the optical thickness of
the Damping wings, and the distinction between the two
types of redistribution is important.
We work with the dimensionless frequency x defined
in Eq. (101). We define the optical depth for continuum
absorption, per unit Doppler width:
Φc (x) ≡ τc φc (x),

where

τc ≡ ∆H

cσ0 NH x1s
.
H

(110)

(111)

We further define:
νn − νc
1
=− 2
ν c ∆H
n ∆H
2
1
Φn (x) ≡ τn φn (x) ≡ τn √ e−(x−xn )
π
X
Φ(x) ≡
Φn (x) + Φc (x)
xn ≡

(112)
(113)
(114)

n

The steady-state radiative transfer equation for f (x) becomes, with the approximations justified above:
X




df
n
c
=
Φn (x) f (x) − feq
+Φc (x) f (x) − feq
(115)
dx
n
Since the continuum is optically thick, we set the boundc
ary condition to f (+∞) = feq
. Note that our treatment
does not allow for any continuum escape in the absence
of high-lying Lyman lines (the total optical depth for
continuum absorption is infinite in our approximation).
However, this has been shown to be negligible and lead
to corrections to the ionization history ∆xe /xe ∼ 10−6
[45].
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D.

Generalized escape probability formalism
1.

Preliminaries

Let us consider the probability distribution Πν of photons injected with a total rate Γinj and a profile ϕinj (ν)
(normalized to unity), that then undergo line and continuum absorption. The evolution of the probability distribution is given by an equation similar to the radiative
transfer equation Eq. (109) (assuming complete redistribution and taking the exponential terms to unity):
dΠν
∂Πν
∂Πν
=
− Hν
= Γinj ϕinj (ν)
dt
∂t X
∂ν
− Hν
τn ϕn (ν)Πν − cσ(ν)NH x1s Πν . (116)
n

The rate at which these photons
R are absorbed in the
Ly-n transition is then Hντn ϕn (ν)Πν dν, and the
rate
at which they are absorbed by the continuum is
R
cσ(ν)NH x1s Πν dν. Finally, these photons may also escape the set of overlapping lines by redshifting below
their resonant frequencies. If we only consider lines above
a given frequency νlow (below which lines can be considered as isolated), then the escape rate is Hνlow Πνlow .
In practice, νlow is many Doppler widths below νc (so
xlow  −1), but still close enough to νc that we can
approximate the escape rate by Hνc Πν (x → −∞).
Now in steady state, the sum of all these rates must
equal the injection rate (there are no other possible fates
than those described above for the injected photons).
This can be checked explicitly by integrating Eq. (116)
from νlow to +∞ in the steady-state limit (with boundary condition Π(+∞) = 0 since no photons are injected
at infinity). Therefore, the steady-state probability that
injected photons are absorbed in the Ly-n line is
Z
Hνc
P (inj → n) =
τn ϕn (ν)Πν dν,
(117)
Γinj
the probability that they cause a photoionization is
Z
1
P (inj → c) =
cσ(ν)NH x1s Πν dν,
(118)
Γinj
and the probability that the escape without being absorbed is
Hνc
P (inj → esc) =
Πν (x → −∞).
(119)
Γinj
In what follows, we apply this idea to develop a formalism
for interline transition probabilities.
2.

Interline transition probabilities

Taking advantage of the linearity of Eq. (115), we can
decompose f (x) on a set of basis functions:
Z +∞
X
j
c
f (x) =
feq
τj vj (x) + feq
Φc (y)G(x, y)dy, (120)
j

where the functions vj (x) satisfy the linear inhomogeneous differential equations:

−∞

dvj
= Φ(x)vj (x) − φj (x),
dx

(121)

with boundary conditions vj (+∞) = 0, and the Green’s
function G(x, y) satisfy a similar equation:
dG
= Φ(x)G(x, y) − δ(x − y),
dx

(122)

with boundary condition G(+∞, y) = 0. The asymptotic
behavior of G(x, y) at x  1 is:
(
0
x > y,
G(x, y) ≈
(123)
x1
eτc (x−y) x < y,
where we used Φ(+∞) = Φc (+∞) = τc . We therefore
recover the appropriate boundary condition for f (x) at
+∞:
Z +∞
c
c
f (x  1) ≈ feq
τc eτc (x−y) dy = feq
.
(124)
x

We can now use the results from the previous section.
Using Πν = vj (x)/(νc ∆H ), ϕinj (ν) = φj (x)/(νc ∆H ), and
Γinj = H/∆H , we see that Eq. (121) is the steady-state
version of Eq. (116). Therefore the steady-state probabilities that a photon emitted in the Ly-j line is later absorbed in a Ly-i transition, or subsequently photo-ionizes
an atom in its ground state are, respectively:
Z
P (j → i) = Φi (x)vj (x)dx,
(125)
Z
P (j → c) = Φc (x)vj (x)dx.
(126)
The probability that a photon emitted in the Ly-j line
escapes at x = −∞ without being reabsorbed in any line
or causing a photoionization is given by
P (j → esc) = vj (−∞).

(127)

Clearly, the probability of escape from the whole set of
overlapping lines is vanishingly small, except possibly
for photons emitted from the lowest lying line considered as “overlapping”. The region of line overlap blends
smoothly into the region of quasi-instantaneous feedback
between neighboring Lyman lines, for n . 20−30. Therefore, even for photons emitted from the lowest line considered as “overlapping” with the next higher line, there
is still a near-unity probability of being reabsorbed quasi
instantaneously in the next lower transition. Therefore,
in practice, we have P (j → esc) = 0 for all lines considered as overlapping, or simply close enough that feedback
is quasi-instantaneous.
Integrating Eq. (121) from −∞ to +∞, we can see that
these probabilities are complementary, as they should:
X
P (j → i) + P (j → c) = 1.
(128)
i
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The Green’s function G(x, y) can similarly be interpreted as the steady-state number distribution for continuum photons initially injected at the frequency y. The
probabilities that a photon emitted at frequency y is absorbed in the Ly-i transition, absorbed by the continuum,
or escapes at −∞ are, respectively:
Z
P (y → i) = Φi (x)G(x, y)dx
(129)
Z
P (y → c) = Φc (x)G(x, y)dx
(130)
P (y → esc) = G(−∞, y).

i

Net decay rate in the Ly-i transition

From Eq. (42), the net decay rate in the Ly−i line is
Z
 i

ẋip→1s = 3x1s Aip,1s
feq − f (x) φi (x)dx
Z
Aip,1s
= Aip,1s xi − 3x1s
f (x)Φi (x)dx.
(133)
τi
Using the expansion (120) for f (x) and the definitions
for the interline transition probabilities, we rewrite
Aip,1s X
τj xjp P (j → i)
τi
j
Z +∞
Aip,1s c
−3x1s
feq
Φc (y)P (y → i)dy.(134)
τi
−∞

ẋip→1s = Aip,1s xip −

We notice that Aip,1s /τi × τj = Ajp,1s (approximating
νi ≈ νj ≈ νc ). Also, using Eqs. (6), (105) and (111), we
obtain that
3x1s

dα1s
Aip,1s c
feq Φc (y) = NH x2e
,
τi
dy

(135)

j6=i

X
j6=i

(ov)

(137)

and the overlap-induced recombination coefficients and
photoionization rates:
Z
dα1s
(ov)
αip ≡
P (y → i)dy,
(138)
dy
(ov)

βip

(ov)

xjp Rjp→ip − NH x2e αip ,

4.

≡ Aip,1s P (i → c).

(139)

Net rate of recombinations to the ground state

The net rate of recombinations to the ground state,
per hydrogen atom, is
Z
i
h h(ν−νc )
8πν 2
c
− fν dν
ẋc→1s = 2 c x1s σ(ν) e− kTm feq
c
Z
 c

8πνc2
≈ 2 x1s νc ∆H σ0 φc (x) feq
− f (x) dx, (140)
c
h(ν−νc )

where in the second line we took e− kTm ≈ 1 in the
vicinity of the Lyman limit. Using again the decomposition (120) and the definitions of the interline transition
probabilities, we get:
8πνc2
c
x1s νc ∆H σ0 feq
× Γc
c2
3
X
8πνc
τj
−
∆H σ0
xjp P (j → c),
2
3c
τc
j

ẋc→1s =

where we
Z
Γc ≡
Z
=
Z
=
Z
=
Z
=

(136)

(141)

have defined


Z
φc (x) 1 − Φc (y)G(x, y)dy dx


Z
Z
dx φc (x) dy δ(y − x) − Φc (y)G(x, y)


Z
Z
dy dx φc (x) δ(y − x) − Φc (y)G(x, y)
φc (y) [1 − P (y → c)] dy
φc (y)

X
j

dα1s
1s
where dα
dx ≡ νc ∆H dν is the differential recombination
coefficient to the ground state per unit Doppler width.
Using the complementarity relation (128), we can now
rewrite the net decay rate in the Ly-i transition as:


X (ov)
(ov)
ẋip→1s = xip 
Rip→jp + βip 

−

(ov)

Rip→jp ≡ Aip,1s P (i → j),

(131)

Again, the probability for photons emitted in the continuum to escape the whole set of high-lying overlapping
lines is vanishingly small, which means that in practice
we have P (y → esc) = 0.
Finally, one can check that these probabilities are indeed complementary by integrating Eq. (122) between
−∞ and +∞:
X
P (y → i) + P (y → c) = 1.
(132)

3.

where we have defined the overlap-induced transition
rates

P (y → j),

(142)

where we have used the definition (130) of P (y → c) in
the fourth line, and in the last line we have used the
complementarity relation (132).
After some algebraic manipulations, we can cast the
net rate of recombinations to the ground state in the
following form:
i
Xh
(ov)
(ov)
(143)
ẋc→1s =
NH x2e αjp − xjp βjp ,
j

where the overlap-induced recombination coefficients and
photoionization rates have been defined in Eqs. (138) and
(139).
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From Eqs. (3), (6), (99) and (111), we can show that
τn ∼

n1

2
τc .
∆H n 3

(145)

Moreover, the separation between two neighboring highlying lines has the asymptotic expression
xn+1 − xn ∼

Ly-30

Ly-40 Ly-50

FIG. 4. Differential optical depth per unit Doppler width,
Φ(x), for fiducial values τLyα = 6 × 108 and Tm = 3000 K.
The dashed line is the contribution from Lyman lines, the
dot-dashed line is the contribution from photoionization from
the ground state, and the solid line is their sum. The position
of the Lyman-30 to 100 resonant frequencies (spaced by ∆n =
10) is shown.

5.

Rate of change of the ground state population

Adding Eqs. (136) and (143), we see that the net rate
of change for the ground state population due to decays from the overlapping lines and recombination to the
ground state is zero:
X
(ov)
ẋ1s = −ẋ(ov)
=
ẋjp→1s + ẋc→1s = 0.
(144)
e
j, ov

This can be understood intuitively since any photon
emitted from one of the overlapping lines is bound to
be reabsorbed in a neighboring line or photoionize an
atom from the ground state; similarly, a photon emitted after a recombination to the ground state will almost
certainly be reabsorbed in a high-lying Lyman line, or
cause a subsequent photoionization. In other words, no
escape is possible from the series of high-lying lines, and
the net decay rate to the ground state therefore vanishes.
Line overlap can therefore only influence the recombination history indirectly, through changing the populations
of the excited states.
We now turn to the numerical evaluation of the
overlap-induced transition rates.

E.

Evaluation of the overlap-induced transition
rates

We show in Fig. 4 the optical depth per unit Doppler
width, Φ(x). It can be seen that for x & xnov , Φ(x) is
nearly constant. This can be explicitly derived as follows.

2
.
∆H n 3

(146)

For x & xnov (such that the separation between neighboring lines becomes small compared to unity), we can
approximate the sum of optical depths due to Lyman
transitions as a Riemann integral:
X
X
2
1
τn φn (x) ≈ τc
(xn+1 − xn ) √ e−(x−xn )
π
n
n
Z 0
2
1
e−(x−u) du
≈ τc √
π −∞
τc
(147)
= erfc(x) = τc − τc φc (x).
2
Thus, we obtain, using the definition (114):
Φ(x & xnov ) ≈ τc .

(148)

Equation (121) therefore has an analytic solution:

2
1
τc  (x−xj + τ2c )2
vj (x) = e−(x−xj ) erfc x − xj +
e
2
2
2
1 e−(x−xj )
√
≈
(149)
τc
π
where in the second line we used τc  1 (τc & 102 at all
times).
We therefore obtain:
2
1
τi 1
P (j → i) ≈ √ e− 2 (xi −xj )
τc 2π
2
1
2
1
√ e− 2 (xi −xj )
≈
(150)
3
∆H i
2π
Z +∞
2
1
erfc(x)e−(x−xi ) dx
P (j → c) ≈ 1 − √
2 π −∞


1
xj
= 1 − erfc √
,
(151)
2
2
where the integral can be evaluated after differentiating
with respect to xi . The overlap-induced transition rates
(ov)
(ov)
Rip→jp and photoionization rates βjp can then be obtained from Eqs. (137) and (139).R
Similarly, the function vc (x) ≡ φc (y)G(x, y)dy satisfies the following differential equation:
dvc
= Φ(x)vc (x) − φc (x),
dx

(152)

which has the solution, valid to lowest order in 1/τc :


1
1
vc (x) ≈
1 − erfc(x) .
(153)
τc
2
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The overlap-induced recombination coefficient can then
be written as:

3/2 Z
2π~2
8πνc3 ∆H
(ov)
σ0
Φi (x)vc (x)dx,
αip =
c2
me kTm
(154)
where we used Eqs. (129), (135) and (138).
After some manipulations, we can show that the
overlap-induced recombination coefficients can be simply
expressed in terms of the overlap-induced photoionization rates:

3/2
2π~2
(ov)
βip .
(155)
αip ≈ 3
me kTm
From the asymptotic expression of Ajp,1s ∝ j −3 , we can
also show that
Rjp→ip ≈ Rip→jp .

(156)

Equations (155) and (156) are simply the usual detailed
balance relations, in the limit νi ≈ νj ≈ νc .
The expressions provided in this section are valid for
n & nov , when Lyman lines are within less than a Doppler
width of each other. We therefore expect the expressions
(ov)
(ov)
for βnp and αnp to be accurate in the regime where
they are significant, for n & nov,c  nov . On the other
hand, the interline transition probabilities P (i → j)
should smoothly transition from the asymptotic expression (150) for i, j & nov to the Sobolev values for nearly
instantaneous feedback for i, j . nov , that is

P (i → j) = τi−1 δj,i−1 + 1 − τi−1 δij ≈ δij .
(157)
We checked that this is indeed the case by integrating numerically Eqs. (121) and (125). We therefore set
P (i → j) = δi,j for min(i, j) < nov , and use Eq. (150)
otherwise. Since, as we shall see below, line overlap appears to lead to negligible changes to the recombination
history, the exact value of the interline transition probabilities near nov is not critical.
F.

Results

As we showed in Section V D 5, the net rate of change
of the ground state population through the high-lying
Lyman transitions vanishes. Since any np → 1s transition is systematically followed by the absorption of the
emitted photon, the high-lying np states are virtually
radiatively connected to one another (and to the continuum), rather than being radiatively connected to the
ground state. In the language of Ref. [41], the high-lying
p states are interior states. The EMLA formalism developed in Ref. [41] can then easily be extended to include
the overlap-induced transitions, which only depend on
the matter temperature.
We added the overlap-induced H(np) ↔ H(n0 p) and
H(np) ↔ e− + p transitions to our effective rates code.

We computed the change in the effective recombination
coefficients A2s , A2p and effective 2p → 2s transition
rate R2p→2s when the states 2s, 2p are considered as the
only interface states (i.e. cutting off the Lyβ transition
and above for simplicity; the effect of overlap is independent of that simplification). We find that the relative
changes in each of the effective coefficients are at most
a few times 10−5 . As a comparison, the change in total
effective recombination coefficient between nmax = 100
and nmax = 200 is of order 0.3 to 2% over the temperature range considered; from nmax = 200 to nmax = 400,
this change is of order 0.08 to 0.6%. Therefore, the effect
of overlap is a few orders of magnitude smaller than the
mere error due to the necessary truncation of the high
energy shells when computing the effective rates. Since
previous work [39, 40] have shown that MLA computations with nmax ∼ 100 already reach the desired level
of accuracy, we conclude that line overlap can be safely
ignored.

VI.

POPULATION INVERSION

Another important effect to consider is that of population inversion. Sufficiently bottlenecked multi-level systems may develop population inversion between radiatively coupled states. If this effect is dramatic, if the velocity field is sufficiently coherent, and the effective path
length long enough, stimulated emission may lead to intense, narrow, coherent maser radiation [68, 69]. Many
astrophysical masers are now known, and play an important role in firming up the extra-galactic distance scale
[68–74]. Most known astrophysical masers are molecular,
but the emission-line star MWC349 is one example of a
hydrogen recombination line maser [73, 75].
It has been suggested both that the recombining primordial hydrogen plasma exhibits sufficient population
inversion for an all-sky natural maser at high n, and
that rare, extremely overdense regions mase during the
epoch of recombination [76, 77]. The possibility of a
cosmic recombination maser is particularly enticing, because it could conceivably amplify weak low-frequency
ν = 100 Mhz − 1 Ghz CMB spectral distortions from
recombination to a detectable level [37].
Output from RecSparse computations shows that
some radiatively connected α-transitions (∆n = ±1) between states with l = O (1) and n ∼ 50 do show rather
dramatic population inversion from z . 800 onward. We
have verified that the width of lines showing population
inversion is dominated by Doppler and not natural broadening. If we neglect natural broadening, all pairs of radiatively connected ∆l = ±1 pairs for some fixed values
of n, n0 (where n and n0 denote the hydrogen shells connected by the line) have the same line profile, φn,n0 (x).
In this case, the steady-state radiative transfer equation
may be solved to obtain the photon occupation number
−
fn,n
0 on the red side of the line in terms of the occupation
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+
5
number fn,n
0 on the blue side of the line :




eq
−
+
+
fn,n
fn,n
1 − e−τn,n0 ,
0 = fn,n0 +
0 − fn,n0
X l,l0
τn,n0 ≡
τn,n0 ,

(158)
(159)

l,l0

eq
fn,n
0

P
≡

0

0

l,l
eq,l,l
τn,n
0 fn,n0
,
P
l,l0
l,l0 τn,n0

l,l0

(160)

0

l,l
where τn,n
0 is the optical depth in the transition whose
initial and final states have quantum numbers (n, l), and
(n0 , l0 ). We use the convention n0 > n. The sum is over all
allowed sets of quantum numbers obeying dipole selection
rules. The occupation number in equilibrium with this
eq,l,l0
transition is fn,n
≡ xn0 ,l0 gl / (xn,l gl0 ), and gl = 2(2l +
0
1) is the statistical degeneracy of an atomic state with
angular momentum l.
It is easily seen from Eq. (158) that significant amplification due to stimulated emission requires τn,n0  −1.
We inspect the output of a RecSparse run with
nmax = 180 and find that when τ < 0, |τ | < 10−8 in the
most amplified case. In the purely radiative case, then,
there is no high-n cosmological hydrogen recombination
maser.

The populations of the 2p and 2s states are strongly
out of equilibrium towards the end of the epoch of primordial recombination, with the ratio x2p /3x2s reaching
values as large as ∼ 3 for z ∼ 500 − 600. Although
we do not track the populations of the 2p3/2 and 2p1/2
states separately, the overlap of the 1s1/2 − 2p1/2 and
1s1/2 − 2p3/2 Lyα doublet ensures that they are in statistical equilibrium, so x2p3/2 /2x2s1/2 = x2p /3x2s . It is
therefore a priori possible for the 11GHz 2p3/2 → 2s1/2
transition to be amplified. We checked however that
the largest negative optical depth in this transition is
τ ∼ −10−7 for z ∼ 1100, and therefore the population
inversion does not lead to any significant amplification.

VII.

CONCLUSIONS

In this work, we have evaluated the impact of several
previously neglected radiative transfer effects on cosmological hydrogen recombination:
• Thomson scattering in the Ly-α line was shown to be
negligible, with corrections to the recombination history
|∆xe /xe | . 3 × 10−5 . We showed that at early times,
z & 1300, the dominant effect was a delay of recombination, due to the reinjection of photons from the red

5

The method is analogous to that used to obtain Eqs. (43)-(46),
with the modification of injection by multiple transitions with
the same n and n0 . The result is derived in detail in Ref. [78].

side of the line back into the blue side of the line during large angle scattering events. That effect can only be
properly accounted for with a full kernel approach, since
scattered photons are redistributed on frequency scales
larger than the characteristic scale over which the radiation field changes. At lower redshifts, recoil becomes
dominant and Thomson scattering accelerates recombination by helping photons escape from the Lyα line.
• Distortions from the deuterium Ly-α line were shown
to be negligible. Indeed, the very fast D(2p) → D(1s)
transition rate, due to the relatively small optical depth
in the deuterium line, brings the deuterium 2p to 1s ratio close to equilibrium with the incoming radiation field
on the D Lyα line. Moreover, any distortions are further
washed out due to the very large frequency diffusion rate
caused by resonant scattering by neutral hydrogen. Accounting for deuterium therefore leads to changes of at
most O(10−5 ) to the recombination history due to the
small change in the expansion history and the ambiguity
in defining xe .
• The high-lying, non-overlapping Lyman transitions
above Lyγ (strictly) can be artificially cut off without loss
of accuracy. Only the 2s, 2p, 3p and 4p states therefore
need to be considered as “interface” states in an EMLA
computation [41]. Diffusion in Lyβ and higher lines can
be neglected.
• Overlap of the high-lying Lyman lines, as well as overlap of the extremely high-lying lines with the continuum,
was shown to lead to O(10−5 ) changes to the effective
transition rates. This change is a few orders of magnitude smaller than the mere truncation error in the effective transition rates computed with nmax ∼ 100 energy
shells. The effect of line overlap is therefore negligible.
• Cosmological hydrogen masers are shown not to arise
in this purely radiative treatment.
The goal of the ongoing work in the field is to develop a
complete theory for hydrogen recombination, with a well
understood error budget. In this paper, we have evaluated the impact of some radiative transfer effects that
had not been previously addressed. While it is possible
that some effects have not been considered yet, we believe that most of the radiative transfer effects relevant in
primordial hydrogen recombination are now well understood. The picture is less clear for the effect of collisional
processes [40], for which the rates are relatively poorly
known. Ultimately, we need a recombination code that
is not only accurate, but also fast, in order to be included
in Markov chains for cosmological parameter estimation;
this will be the subject of future work.
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